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ps| , Abstract 

^ • We proof a uniqueness and periodicity theorem for bounded solutions of uni- 

(-7- . formly elliptic equations in certain unbounded domains. 

o 

(N 

Ph I 1. Introduction 

< 

(_; I In this note we study solutions u € C^(r2,M) n C°(r2,M) of the Dirichlet problem 

-)— > 



a^^ {x)dijU + b^{x)diU + c{x)u = f in fi , u = g on 9ri . (1) 



(using the sum convention) assuming the differential equation to be elliptic, i.e. at each point 
X S i7 the matrix aij{x) is symmetric and positive definite. In addition, we require the sign con- 
(5o ' dition c{x) < 0. 

o' 

If the domain $7 is bounded, the well known classical maximum principle (see [H Theorem 3.3]) 
asserts that ([T|) admitts at most one solution. In contrast, such a result does in general not hold for 
unbounded domains Vt and examples are given below. First, let us make the following assumptions 
C^^ . on the coefficients: Let o'-?, 5*,c G (7*^(^1, M) and satisfy 

«'^llco(n) + ll&'llco{Q) + l|c||co(n) < ^ for i,j = 1,... ,n and c(x) < in^ (2) 

X" 

?H ' with some constant H. Additionally, we have to require a uniform ellipticity condition 



\i? < a'\x)iiij < A|Cp for ah 2; G fi , e G K" (3) 



with constant A < cxo. Our first result is the following 
Theorem 1; Additionally to (0) and ^, assume the following 

a) The unbounded domain Q C M" has bounded thickness, i.e. sup^.^^ dist{x,dQ) < +00. 

b) Let u G C^(r2,M) n C'^(i7,M) be a bounded solution of (0]) for the right side / = and 
boundary values g = 0. 

c) Let u satisfy the following uniform boundary condition: For any sequence Xfc G il with 
dist{xf:, dQ) -^ for k ^> 00 it follows that u{xk) ^ as k ^> 00. 

Then we must have u = in Q. 



As the proof of Theorem [T] reveals, this result remains true for weak solutions u of regularity class 

Let us now demonstrate the necessity of the assumption a) , b) and c) by considering the following 
examples. 

Example 1; For some A: £ N take the domain fi = {re**^ €C\0<(p<^} and the harmonic 
function u{x, y) := Re{(x + iy)^} with u = on 50. This very simple example already shows that 
certain assumption on the solution u or the domain i} are needed for a uniqueness theorem to hold. 
Note that for this example all of the assumptions a), b) and c) of Theorem [T] are not satisfied. 

Example 2: As domain we take Q = {{x,y) G M^ | < y < vr} and consider the unbounded, 
harmonic function u{x,y) = e^siny with u = on dil.. Here, assumption a) of Theorem [1] is 
satisfied while assumptions b) and c) are not. 

Example 3.- Now consider the domain il = {x £ M" : |x| > 1}, n > 3 and the bounded, 
harmonic function u{x) = 1 — Ixp"" with li = on dQ. Here, assumptions b) and c) of Theorem 
[Dare satisfied while assumption a) is not. 

Let us make a remark on assumption c): If the domain had a compact boundary dQ, then 
assumption c) would directly follow from u E C''(0,M) together with u = on dCl. However, note 
that an unbounded domain cannot both have a compact boundary and at the same time satisfy 
assumption a). Assumption c) will hold provided that the solution u is uniformly continuous in Q. 
By suitably restricting the domain 17, we can actually show a uniform continuity of the solution. 

Theorem 2; Additionally to ^ and ^B^, assume the following 

a) The unbounded domain Q C M" has hounded thickness, i.e. sup^.gQ dist{x,dQ) < +cxo. 

b) Let Ufc G C'^iQ., M) nC'^(r2, M) be two solutions of (QP for sonne right side f and some boundary 
values g. Assume difference \ui{x) — U2{x)\ is uniformly bounded in 0,. 

c) The domain 0, satisfies a uniform exterior sphere condition. 

Then it follows ui = U2 inO.. 

By uniform exterior sphere condition we mean the following: There exists some r > such that 
for each xq G d^ there exists some xi G M" such that Br{xi) f^Vt = {xq\. 

Finally, we want to point out that uniqueness results for partial differential equations also im- 
ply symmetry properties of the solutions. To illustrate this by an example, we have the following 
result. 

Corollary 1.- Assume that (0j and ^ hold. Moreover, assume that il satisfies a uniform exterior 
sphere condition and can he decomposed into ri = M x fJ' for some bounded domain O' C M"^"*^. 
We require the coefficients a^^ , 6*, c, the right side f and the boundary values g to be periodic w.r.t. 
the xi-variable with one and the same period length L > 0. 
Then any bounded solution u G (7^(17, M) fl C'^(i7,M) of (OP is periodic w.r.t. the x\-variable. 

Note that in Example 2 we found a solution not being periodic. There, all of the assumptions of 
Corollary [1] are satisfied except for the boundedness of the solution. Hence, also for Corollary [1] it 
is crucial only to consider bounded solutions. 



2. The proof of Theorem [T] 

For the proof of Theorem [H we first need the following lemma, which may be of independent 
interest. It is a generalisation of the strong maximum principle. 

Lemma 1: Let u^ € C^(r2,M) be a sequence of solutions of 

a^ {x)dijUk + b\{x)diUk + Ck{x)uk = m il . 

Let the coefficients d^^ 6|,, Ck satisfy ^ and ^ with constants A, H independent ofk and Ck{x) < 
in il. Assume that Uk converge uniformly in VL to some u E C^{Q, M). For some x^, G fi and M E M 
let 

Uk{x) < M inVt and lim Uk{x^) = M . 

fc— >oo 

Then it follows u = M in Q. 

Proof: 
Consider the set 

e:={xen\u{x) = M} 

which is not empty because of x^, G 0. Now is closed within fi due to the continuity of u. We 
now show that is also open implying = 17 and proving the lemma. For xq E choose r > 
small enough such that B2rixo) C fi. Now consider the function Vk{x) := M — Uk{x) for x E fi 
with Vk{x) > in ri. Because of c^ < this Vk is a solution of the differential inequality 

dl{x)dijVk + b\{x)diVk < in [7 . 

We now apply the Harnack type inequality [U Theorem 9.22] on the domain B2r{xo): There exist 
constants p > and C < oo only depending on r, H, A and n such that 

{ f Vkixfdxy <CJni Vk{x)<Cvkixo) = c(M-Ukixo)) . (4) 

Br{xo) 

Noting that Uk{xo) -^ u{xo) for fc — > oo and u{xo) = M because of xq E 0, passing to the limit in 
(JH) then yields 

Br{xo) 

Together with u{x) < M in 0, this implies u{x) = M in Br{xQ) proving that is open. D 

Remarks: 

1.) The lemma remains true for weak solutions of regularity W'^''^{il,W) n 0*^(17, M). 

2.) The proof of this lemma is similar to the proof of the strong maximum principle for weak 
solutions (see |1, Theorem 8.19]). In case of Uk{x) = u{x) for all k the statement of the 
lemma reduces to the classical strong maximum principle. 

Proof of Theorem [I].' 

Given a solution u of ([T]) for / = and g = 0, we will show n = in fi as follows: Assume to the 
contrary that u(xo) 7^ for some xq E 17, say u{xo) > 0. Defining M := supf^u(x) > we have 
M < +C)0 by the boundedness assumption b) of Theorem [H We can now find a sequence Xfc E 17 
such that u{xk) — > M for n -^ 00. Now, for each A; E N let us define 

rk := dist(xfc,517) . 



We claim that there exist constants e > and R < oo such that 

e <rk < R for ah fc e N . (5) 

In fact, the right inequahty follows directly from assumption a) of Theorem [1] if we define R = 
sup^gQ dist(a;,c?Q). The left inequality follows from assumption c) together with u{xk) ^ M > 0. 
On the ball B := {x a M" : \x\ < 1}, let us now consider the shifted and rescaled functions 

Vk'. B ^R , Vk{x) := u{xk + r^x) . 

By the definiton of r^, for each A; € N we can find some yk G dB with Xk + rkUk G dil, implying 
VkiUk) = u{xk + rki/k) = 0. Since u is solution of ([T|), v^ will then be solution of 

a^{x)dijVk + bl{x)diVk + Ck{x)vk = in 5 for A; G N 

with coefficients a^ix) := r^ a^^{xk + r^x) and bj,, Ck defined similarly. By ([5]) together with the 
assumptions on a*-', 6*, c there is a uniform C'^-bound 

sup(||a*^^||cO{m + ll^lllcO(B) + \\ck\\cO(B)) < +oo for alH, j = 1, . . . ,n . 

feeN ^ ^ 

Using the interior Holder estimate [H Theorem 9.26] for weak solutions we get 

sup ||ufc||ca(g ^ < +00 for all < s < 1 

fcGN 

with some Holder exponent a = a{s) G (0, 1) independent of k. After extracting some subsequence 
we obtain the uniform convergence 

Vk ^ V in C^{Bs,R) for k^Qo (6) 

for each s < 1 with some limit function v G C^{B,R) satisfying 

v{x) <M in 5 and v{0) = M . 

By Lemma[T] (applied to fJ = Bg) we have v{x) = M in Bg for each s < 1 and hence v{x) = M in B. 

On the other hand, from Vk{yk) = together with ffc(O) — > M we conclude that, for sufficiently 
large k, there exists some z^ = tkHk G B with t^ G (0, 1) such that Vk{zk) = M/2 = u{xk + rkZ^). 
We may assume that t^ ^ t^, (^ [0, 1] and z^ ^ z^, G -B as A; ^ oo. We now claim that t* < 1. 
Otherwise we would have t^ — > 1 for k ^ oo. However, we would then have 

dist(xjt +rkZk,d^) < \xk +rkZk - {xu + rkyk)\ = rk\yk\{'^ - tk) < -R(l - tk) ^ for A; ^ oo 

contradicting assumption c) together with u{xk + rkz^) = M/2, proving the claim. Using the 
uniform convergence ([6]) in the ball Bt^ together with M/2 = Vk{zk) we obtain v{z^) = M/2, 
contradicting v{x) = M in B. CH 

3. The proof of Theorem [2] and CoroUary [T] 

We start with 

Proof of Theorem 2: 

Consider two bounded solutions ui,U2 of ([T]). Then the difference function u{x) := ui{x) — U2{x) 



will be solution of ([T]) for the right side / = and boundary values n = on dQ. By assumption 
b) of Theorem [21 u is bounded in $7, hence |M(a;)| < M for some M > 0. We want to apply 
Theorem [1] to u, but we first have to check wether the uniform boundary condition, assumption c) 
of Theorem 1, is satisfied by u. As described in Remark 3 of [H Chapter 6.3] we can construct a 
uniform barrier at each boundary point, using the uniform exterior sphere condition. Let i? > be 
the radius of the uniform exterior sphere condition and xq £ 90. Then there exists some y E M" 
with Bji{y) n i7 = {xq}. Consider the function 

wix) := R-" - \x - yl'" for x G M" , cj > 

satisfying ti'(xo) = and w{x) > in 17. Setting r := \x — y\ and using c < in i7 we estimate 

d!'\x)dijW + U{x)diW + c{x)w 

< a'^[-a{a + 2)r-'^-^(x, - y,){xj - yi) + h,aT-"-''\ + feVr-'^-^^x, - y^) 
= ar-'^-^i-ia + 2)a'^ix^ - y.)(x, - yj) + r\a'^ij + b\xi - y.))] 

< ar-''-^[-{a + 2)A'^ +nH + n{R + l)H] 



ioi all X G Cl := {x £ fl : \x — y\ < R + 1}. By choosing a = o"(A, H,n) > sufficiently large, we 
obtain 

a^^{x)dijW + U{x)diW + c{x)w < in Q . 

We now define 

M 
T := > 

and note that —tw{x) < u{x) < tw{x) on d^. From the maximum principle we conclude that 
—aw{x) < u{x) < aw{x) in Q. Using \xq — y\ = R this yields 

\u{x)\ < t\w{x)\ = t(r-'' -Ix-y]-"] 

< t(r~" - {\x - xol + Ry) for all X e , xq e dVt with |x - xqI < 1 . 

In particular, for |xo — x| = dist(x,50) we obtain 

|u(x)[ < tIr-" - (dist(x,aJl) + RyA for all x G f] with dist(x,9f7) < 1 . 



As the constants i?, a and r are independent of the choosen boundary point xq G 5il, we see that 
assumption c) of Theorem [1] is satisfied by u. D 

We finally give the 

Proof of Corollary [IJ- 

Let $7 = M X il' for some bounded domain Q.' C M"^^. Note that such a domain Q. satisfies the 
uniform thickness condition supf^dist(x, dVL) < d with d := diam(O'). Let u G C^(il,M)nC''(i7,]R) 
be a bounded solution of ([T|). For some /c G Z let us define a translation of u by 

■u(x) G C^(r2,IR) nC°(n,M) , ^(xi,... ,x„) := ^(xi + A;L,X2,... ,x„) for x G fi . 

Note that u is bounded just as u is. By the periodicity assumptions on the data a*-', ¥, c, / and 
g this u will be solution of the same problem ([T|) as u. By Theorem [2] we obtain u{x) = u{x) in Q 
proving the periodicity of u. El 
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